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Abstract. In this paper, some new integral inequalities of Hermite-Hadamard type are presented
for functions whose nth derivatives in absolute value are s-logarithmically convex. From our res-
ults, several inequalities of Hermite-Hadamard type can be derived in terms of functions whose
first and second derivatives in absolute value are s-logarithmically convex functions as special
cases. Our results may provide refinements of some results for s-logarithmically convex func-
tions already exist in literature. Finally, applications to special means of the established results
are given.
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1. INTRODUCTION
A function f W I ! R, ¿¤ I  R, is said to be convex on I if the inequality
f .txC .1  t /y/ tf .x/C .1  t /f .y/;
holds for all x;y 2 I and t 2 Œ0;1.
Let f W I  R! R be a convex mapping and a;b 2 I with a < b. Then
f

aCb
2

 1
b a
Z b
a
f .x/dx  f .a/Cf .b/
2
: (1.1)
The double inequality (1.1) is known as the Hermite-Hadamard inequality (see [8]).
The inequalities (1.1) hold in reversed direction if f is concave.
For recent results on Hermite-Hadamard type integral inequalities for convex func-
tions see [5, 7, 10–13, 15, 18, 19] and closely related references therein.
The classical convexity has been generalized in diverse ways such as s-convexity,
m-convexity, .˛;m/-convexity, h-convexity, logarithmically-convexity, s- logarith-
mically convexity, .˛;m/- logarithmically convexity and h-log-convexity. Many pa-
pers have been written by a number of mathematicians concerning Hermite-Hadamard
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type inequalities for these classes of convex functions see for instance the recent pa-
pers [1–4, 6, 8, 9, 14, 17, 20–25, 27] and the references therein.
The notion of logarithmically convex functions is defined as follows.
Definition 1 ([1, 25, 26]). If a function f W I  R! .0;1/ satisfies
f .xC .1 /y/ Œf .x/ Œf .y/1  ; (1.2)
for all x, y 2 I ,  2 Œ0;1, the function f is called logarithmically convex on I . If
the inequality (1.2) reverses, the function f is called logarithmically concave on I .
The concept of logarithmically convex functions was further generalized as in the
definition below.
Definition 2 ([1, 25, 26]). For some s 2 .0;1, a positive function f W I  R!
.0;1/ is said to be s-logarthmically convex on I if and only if
f .xC .1 /y/ Œf .x/s Œf .y/.1 /s
holds for all x, y 2 I and  2 Œ0;1.
It is obvious that when s D 1 in Definition 2, the s-logarithmically convexity be-
comes the usual logarithmically convexity:
Xi et al. [25], obtained the following Hermite-Hadamard type inequalities for s-
logarithmically convex functions.
Theorem 1 ([25]). Let f W I  Œ0;1/! .0;1/ be a differentiable function on
I ı, a, b 2 I ı with a < b and f 0 2 L.Œa;b/. If
ˇˇˇ
f
0 ˇˇˇq
for q  1 is s-logarithmically
convex on Œa;b for some given s 2 .0;1, thenˇˇˇˇ
ˇf .a/  1b a
Z b
a
f .x/dx
ˇˇˇˇ
ˇ
 .b a/
4

1
2
1 1=q n
3.q 1/=q ŒL1 .;q/1=qC ŒL2 .;q;b/1=q
o
; (1.3)
where
L1 .;q/
8ˆˆˆˆ
ˆˆˆˆˆˆˆ
ˆˆˆ<ˆ
ˆˆˆˆˆˆˆ
ˆˆˆˆˆˆ:
ˇˇˇ
f
0
.a/f
0
.b/
ˇˇˇsq=2
F1 .1/ ; 0 <
ˇˇˇ
f
0
.a/
ˇˇˇ
;
ˇˇˇ
f
0
.b/
ˇˇˇ
 1;
ˇˇˇ
f
0
.a/f
0
.b/
ˇˇˇq=.2s/
F1 .2/ ; 1
ˇˇˇ
f
0
.a/
ˇˇˇ
;
ˇˇˇ
f
0
.b/
ˇˇˇ
;
ˇˇˇ
f
0
.a/f
0
.b/
ˇˇˇsq=2
F1 .3/ ; 0 <
ˇˇˇ
f
0
.a/
ˇˇˇ
 1 <
ˇˇˇ
f
0
.b/
ˇˇˇ
;
ˇˇˇ
f
0
.a/f
0
.b/
ˇˇˇq=.2s/
F1 .4/ ; 0 <
ˇˇˇ
f
0
.b/
ˇˇˇ
 1 <
ˇˇˇ
f
0
.a/
ˇˇˇ
;
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L2 .;q;u/
8ˆˆˆˆ
ˆˆˆˆˆˆˆ
ˆˆˆ<ˆ
ˆˆˆˆˆˆˆ
ˆˆˆˆˆˆ:
ˇˇˇ
f
0
.u/
ˇˇˇsq=2
F1 .1/ ; 0 <
ˇˇˇ
f
0
.a/
ˇˇˇ
;
ˇˇˇ
f
0
.b/
ˇˇˇ
 1;
ˇˇˇ
f
0
.u/
ˇˇˇq=.2s/
F1 .2/ ; 1
ˇˇˇ
f
0
.a/
ˇˇˇ
;
ˇˇˇ
f
0
.b/
ˇˇˇ
;
ˇˇˇ
f
0
.u/
ˇˇˇsq=2
F1 .3/ ; 0 <
ˇˇˇ
f
0
.a/
ˇˇˇ
 1 <
ˇˇˇ
f
0
.b/
ˇˇˇ
;
ˇˇˇ
f
0
.u/
ˇˇˇq=.2s/
F1 .4/ ; 0 <
ˇˇˇ
f
0
.b/
ˇˇˇ
 1 <
ˇˇˇ
f
0
.a/
ˇˇˇ
;
F1 ./D
8<:
1
ln
 
2 1   1ln

 ¤ 1;
3
2
 D 1;
F2 ./D
8<:
1
ln
 
   1ln

 ¤ 1;
1
2
 D 1;
and
1 D
ˇˇˇˇ
ˇf
0
.a/
f
0
.b/
ˇˇˇˇ
ˇ
sq=2
;2 D
ˇˇˇˇ
ˇf
0
.a/
f
0
.b/
ˇˇˇˇ
ˇ
q=.2s/
;3 D
ˇˇˇ
f
0
.a/
ˇˇˇsq=2
ˇˇ
f
0
.b/
ˇˇq=.2s/ ;4 D
ˇˇˇ
f
0
.a/
ˇˇˇq=.2s/
ˇˇ
f
0
.b/
ˇˇqs=2 :
Theorem 2 ([25]). Under the conditions of Theorem 1, we haveˇˇˇˇ
ˇf .b/  1b a
Z b
a
f .x/dx
ˇˇˇˇ
ˇ
 .b a/
4

1
2
1 1=q n
ŒL2 .;q;a/
1=qC3.q 1/=q L1   1;q1=qo ; (1.4)
where L1 .;q/, L2 .;q;u/, F1 ./, F2 ./ and i for i D 1, 2, 3, 4 are defined as
in Theorem 1.
Theorem 3 ([25]). Under the conditions of Theorem 1, we haveˇˇˇˇ
ˇf .a/Cf .b/2   1b a
Z b
a
f .x/dx
ˇˇˇˇ
ˇ
 .b a/
4

1
2
1 1=q n
ŒL2 .;q;b/
1=qC L1   1;q;a1=qo ; (1.5)
where L1 .;q/, L2 .;q;u/, F1 ./, F2 ./ and i for i D 1, 2, 3, 4 are defined as
in Theorem 1.
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Applications to special means of positive numbers of the above results can also be
seen in [25].
For further results on Hermite-Hadamard type inequalities for s-logarithmically
convex we refer the reader to [1, 9, 26, 27]. The main purpose of the present paper is
to establish a new Hermite-Hadamard type integral inequalities in Section 2 by using
the notion of s-logarithmically convexity and new identity for n-times differentiable
functions from [15]. The applications of our results to special means of positive real
numbers are also given in Section 3.
2. MAIN RESULTS
The following Lemmas are essential in establishing our main results in this section.
Lemma 1 ([15]). Let f W I R!R be a function such that f .n/ exists on I ı and
f .n/ 2 L.Œa;b/ for some n 2N, where a, b 2 I ı with a < b, we have the identity
f .a/Cf .b/
2
  1
b a
Z b
a
f .x/dx 
n 1X
kD1
k
h
1C . 1/k
i
.b a/k
2kC1 .kC1/Š f
.k/

aCb
2

D .b a/
n
2nC1nŠ
Z 1
0
.1  t /n 1 .n 1C t /f .n/

1  t
2
aC 1C t
2
b

dt
C . 1/
n .b a/n
2nC1nŠ
Z 1
0
.1  t /n 1 .n 1C t /f .n/

1  t
2
bC 1C t
2
a

dt; (2.1)
where an empty sum is understood to be nil.
Lemma 2 ([16]). If  > 0 and ¤ 1, thenZ 1
0
tntdt D . 1/
nC1nŠ
.ln/nC1
CnŠ
nX
kD0
. 1/k
.n k/Š.ln/kC1 (2.2)
for n 2N.
Lemma 3. If  > 0 and ¤ 1, thenZ 1
0
.1  t /ntdt D nŠ
.ln/nC1
 nŠ
nX
kD0
1
.n k/Š.ln/kC1 (2.3)
for n 2N.
Proof. By making the substitution t D 1 u in (2.2), in which  is replaced by 1

,
we get (2.3). 
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Lemma 4 ([3]). For ˛ > 0 and  > 0, we have
J .˛;/ WD
Z 1
0
.1  t /˛ 1tdt D
1X
kD1
.ln/k 1
.˛/k
<1; (2.4)
where
.˛/k D ˛ .˛C1/.˛C2/ ::: .˛Ck 1/ :
Theorem 4. Let f W I  Œ0;1/! .0;1/ be a function such that f .n/ exists on
I ı and f .n/ 2 L.Œa;b/ for some n 2 N, where a, b 2 I ı with a < b. If
ˇˇˇ
f .n/
ˇˇˇq
is s-logarithmically convex on Œa;b for some s 2 .0;1 and q 2 Œ1;1/, we have the
inequalityˇˇˇˇ
ˇf .a/Cf .b/2   1b a
Z b
a
f .x/dx
 
n 1X
kD1
k
h
1C . 1/k
i
.b a/k
2kC1 .kC1/Š f
.k/

aCb
2
ˇˇˇˇˇˇ
 .b a/
n
2nC1nŠ

n
nC1
1  1
q
ˇˇˇ
f .n/ .a/
ˇˇˇı ˇˇˇ
f .n/ .b/
ˇˇˇ 
ŒF1 .;n/
1
q C F1   1;n 1q ;
(2.5)
where D
ˇˇˇ
f .n/.b/
f .n/.a/
ˇˇˇsq=2
,
.ı;/D
8ˆˆˆˆ
ˆˆ<ˆ
ˆˆˆˆˆ:
.s=2;s=2/ ; if 0 <
ˇˇˇ
f .n/.a/
ˇˇˇ
;
ˇˇˇ
f .n/.b/
ˇˇˇ
 1;
.1  s=2;1  s=2/ ; if 1
ˇˇˇ
f .n/.a/
ˇˇˇ
;
ˇˇˇ
f .n/.b/
ˇˇˇ
;
.s=2;1  s=2/ ; if 0 <
ˇˇˇ
f .n/.a/
ˇˇˇ
 1
ˇˇˇ
f .n/.b/
ˇˇˇ
;
.1  s=2;s=2/ if 0 <
ˇˇˇ
f .n/.b/
ˇˇˇ
 1
ˇˇˇ
f .n/.a/
ˇˇˇ
;
and
F1 .;n/D
(
nŠ.ln 1/
.ln/nC1 C
1
ln  nŠ
Pn
kD1 ln 1.n k/Š.ln/kC1 ;  ¤ 1;
n
nC1 ;  D 1:
Proof. From Lemma 1, the Ho¨lder inequality and using the fact that
ˇˇˇ
f .n/
ˇˇˇq
is
s-logarithmically convex on Œa;b, we haveˇˇˇˇ
ˇˇf .a/Cf .b/2  
n 1X
kD1
k
h
1C . 1/k
i
.b a/k
2kC1 .kC1/Š f
.k/

aCb
2

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  1
b a
Z b
a
f .x/dx
ˇˇˇˇ
ˇ .b a/n2nC1nŠ
Z 1
0
.1  t /n 1 .n 1C t /dt
1  1
q

8<:
 Z 1
0
.1  t /n 1 .n 1C t /
ˇˇˇ
f .n/ .a/
ˇˇˇq. 1 t2 /s ˇˇˇ
f .n/ .b/
ˇˇˇq 1Ct
2
s
dt
!1=q
C
 Z 1
0
.1  t /n 1 .n 1C t /
ˇˇˇ
f .n/ .b/
ˇˇˇq. 1 t2 /s ˇˇˇ
f .n/ .a/
ˇˇˇq 1Ct
2
s
dt
!1=q9=; : (2.6)
Since for 0 <   1 , 0  1 and 0 < s  1. Then

s  s and s  sC1 s: (2.7)
When 0 <
ˇˇˇ
f .n/ .a/
ˇˇˇ
;
ˇˇˇ
f .n/ .b/
ˇˇˇ
 1, by using Lemma 3 and (2.7), we have
Z 1
0
.1  t /n 1 .n 1C t /
ˇˇˇ
f .n/ .a/
ˇˇˇq. 1 t2 /s ˇˇˇ
f .n/ .b/
ˇˇˇq 1Ct
2
s
dt

Z 1
0
.1  t /n 1 .n 1C t /
ˇˇˇ
f .n/ .a/
ˇˇˇsq. 1 t2 / ˇˇˇ
f .n/ .b/
ˇˇˇsq 1Ct
2

dt
D
ˇˇˇ
f .n/ .a/f .n/ .b/
ˇˇˇsq=2Z 1
0
.1  t /n 1 .n 1C t /tdt
D
ˇˇˇ
f .n/ .a/f .n/ .b/
ˇˇˇsq=2
F1 .;n/ : (2.8)
andZ 1
0
.1  t /n 1 .n 1C t /
ˇˇˇ
f .n/ .b/
ˇˇˇq. 1 t2 /s ˇˇˇ
f .n/ .a/
ˇˇˇq 1Ct
2
s
dt

Z 1
0
.1  t /n 1 .n 1C t /
ˇˇˇ
f .n/ .b/
ˇˇˇsq. 1 t2 / ˇˇˇ
f .n/ .a/
ˇˇˇsq 1Ct
2

dt
D
ˇˇˇ
f .n/ .a/f .n/ .b/
ˇˇˇsq=2Z 1
0
.1  t /n 1 .n 1C t / tdt
D
ˇˇˇ
f .n/ .a/f .n/ .b/
ˇˇˇsq=2
F1
 
 1;n

: (2.9)
When
ˇˇˇ
f .n/ .a/
ˇˇˇ
;
ˇˇˇ
f .n/ .b/
ˇˇˇ
 1, by using Lemma 3 and (2.7), we have
Z 1
0
.1  t /n 1 .n 1C t /
ˇˇˇ
f .n/ .a/
ˇˇˇq. 1 t2 /s ˇˇˇ
f .n/ .b/
ˇˇˇq 1Ct
2
s
dt
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
ˇˇˇ
f .n/ .a/f .n/ .b/
ˇˇˇq.1 s=2/Z 1
0
.1  t /n 1 .n 1C t /tdt
D
ˇˇˇ
f .n/ .a/f .n/ .b/
ˇˇˇq.1 s=2/
F1 .;n/ : (2.10)
andZ 1
0
.1  t /n 1 .n 1C t /
ˇˇˇ
f .n/ .b/
ˇˇˇq. 1 t2 /s ˇˇˇ
f .n/ .a/
ˇˇˇq 1Ct
2
s
dt

ˇˇˇ
f .n/ .a/f .n/ .b/
ˇˇˇq.1 s=2/Z 1
0
.1  t /n 1 .n 1C t / tdt
D
ˇˇˇ
f .n/ .a/f .n/ .b/
ˇˇˇq.1 s=2/
F1
 
 1;n

: (2.11)
When 0 <
ˇˇˇ
f .n/ .a/
ˇˇˇ
 1
ˇˇˇ
f .n/ .b/
ˇˇˇ
, by using Lemma 3 and (2.7), we have
Z 1
0
.1  t /n 1 .n 1C t /
ˇˇˇ
f .n/ .a/
ˇˇˇq. 1 t2 /s ˇˇˇ
f .n/ .b/
ˇˇˇq 1Ct
2
s
dt

ˇˇˇ
f .n/ .a/
ˇˇˇsq=2 ˇˇˇ
f .n/ .b/
ˇˇˇq.1 1=2s/Z 1
0
.1  t /n 1 .n 1C t /tdt
D
ˇˇˇ
f .n/ .a/
ˇˇˇsq=2 ˇˇˇ
f .n/ .b/
ˇˇˇq.1 s=2/
F1 .;n/ : (2.12)
andZ 1
0
.1  t /n 1 .n 1C t /
ˇˇˇ
f .n/ .b/
ˇˇˇq. 1 t2 /s ˇˇˇ
f .n/ .a/
ˇˇˇq 1Ct
2
s
dt

ˇˇˇ
f .n/ .a/
ˇˇˇsq=2 ˇˇˇ
f .n/ .b/
ˇˇˇq.1 1=2s/Z 1
0
.1  t /n 1 .n 1C t / tdt
D
ˇˇˇ
f .n/ .a/
ˇˇˇq=2s ˇˇˇ
f .n/ .b/
ˇˇˇq.1 s=2/
F1
 
 1;n

: (2.13)
When 0 <
ˇˇˇ
f .n/ .b/
ˇˇˇ
 1
ˇˇˇ
f .n/ .a/
ˇˇˇ
, by using Lemma 3 and (2.7), we have
Z 1
0
.1  t /n 1 .n 1C t /
ˇˇˇ
f .n/ .a/
ˇˇˇq. 1 t2 /s ˇˇˇ
f .n/ .b/
ˇˇˇq 1Ct
2
s
dt

ˇˇˇ
f .n/ .a/
ˇˇˇq.1 s=2/ ˇˇˇ
f .n/ .b/
ˇˇˇsq=2Z 1
0
.1  t /n 1 .n 1C t /tdt
D
ˇˇˇ
f .n/ .a/
ˇˇˇq.1 s=2/ ˇˇˇ
f .n/ .b/
ˇˇˇsq=2
F1 .;n/ : (2.14)
and
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0
.1  t /n 1 .n 1C t /
ˇˇˇ
f .n/ .b/
ˇˇˇq. 1 t2 /s ˇˇˇ
f .n/ .a/
ˇˇˇq 1Ct
2
s
dt

ˇˇˇ
f .n/ .a/
ˇˇˇq.1 s=2/ ˇˇˇ
f .n/ .b/
ˇˇˇsq=2Z 1
0
.1  t /n 1 .n 1C t / tdt
D
ˇˇˇ
f .n/ .a/
ˇˇˇq.1 s=2/ ˇˇˇ
f .n/ .b/
ˇˇˇsq=2
F1
 
 1;n

; (2.15)
where D
ˇˇˇ
f .n/.b/
f .n/.a/
ˇˇˇsq=2
. A combination of (2.8)-(2.15) into (2.6) gives the desired
result. This completes the proof of the Theorem. 
Corollary 1. Under the assumptions of Theorem 4, if qD 1, we have the inequalityˇˇˇˇ
ˇf .a/Cf .b/2   1b a
Z b
a
f .x/dx
 
n 1X
kD1
k
h
1C . 1/k
i
.b a/k
2kC1 .kC1/Š f
.k/

aCb
2
ˇˇˇˇˇˇ
 .b a/
n
2nC1nŠ
ˇˇˇ
f .n/ .a/
ˇˇˇı ˇˇˇ
f .n/ .b/
ˇˇˇ ˚
F1 .;n/CF1
 
 1;n
	
; (2.16)
where F1 .;n/,  and .ı;/ are defined as in Theorem 4.
Corollary 2. Under the assumptions of Theorem 4, if nD 1, we have the inequalityˇˇˇˇ
ˇf .a/Cf .b/2   1b a
Z b
a
f .x/dx
ˇˇˇˇ
ˇ
 .b a/

1
2
3  1
q
ˇˇˇ
f
0
.a/
ˇˇˇı ˇˇˇ
f
0
.b/
ˇˇˇ 
ŒF1 .;1/
1
q C F1   1;1 1q ; (2.17)
where
F1 .;1/D
(
.ln 1/C1
.ln/2
;  ¤ 1
1
2
;  D 1 , D
ˇˇˇˇ
ˇf
0
.b/
f
0
.a/
ˇˇˇˇ
ˇ
sq=2
and
.ı;/D
8ˆˆˆˆ
ˆˆ<ˆ
ˆˆˆˆˆ:
.s=2;s=2/ ; if 0 <
ˇˇˇ
f
0
.a/
ˇˇˇ
;
ˇˇˇ
f
0
.b/
ˇˇˇ
 1;
.1  s=2;1  s=2/ ; if 1
ˇˇˇ
f
0
.a/
ˇˇˇ
;
ˇˇˇ
f
0
.b/
ˇˇˇ
;
.s=2;1  s=2/ ; if 0 <
ˇˇˇ
f
0
.a/
ˇˇˇ
 1
ˇˇˇ
f
0
.b/
ˇˇˇ
;
.1  s=2;s=2/ if 0 <
ˇˇˇ
f
0
.b/
ˇˇˇ
 1
ˇˇˇ
f
0
.a/
ˇˇˇ
:
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Corollary 3. If we take q D 1 in Corollary 2, we haveˇˇˇˇ
ˇf .a/Cf .b/2   1b a
Z b
a
f .x/dx
ˇˇˇˇ
ˇ


b a
4
ˇˇˇ
f
0
.a/
ˇˇˇı ˇˇˇ
f
0
.b/
ˇˇˇ ˚
ŒF1 .;1/C

F1
 
 1;1
	
; (2.18)
where F1 .;1/,  and .ı;/ are defined as in Corollary 2.
Corollary 4. Suppose the assumptions of Theorem 4 are fulfilled and if nD 2, we
haveˇˇˇˇ
ˇf .a/Cf .b/2   1b a
Z b
a
f .x/dx
ˇˇˇˇ
ˇ
 .b a/
2
16

2
3
1  1
q
ˇˇˇ
f
00
.a/
ˇˇˇı ˇˇˇ
f
00
.b/
ˇˇˇ 
ŒF1 .;2/
1
q C F1   1;2 1q ; (2.19)
where
F1 .;2/D
(
2.ln 1/ .ln/2C2
.ln/3
;  ¤ 1;
2
3
;  D 1;
; D
ˇˇˇˇ
ˇf
00
.b/
f
00
.a/
ˇˇˇˇ
ˇ
sq=2
and
.ı;/D
8ˆˆˆˆ
ˆˆ<ˆ
ˆˆˆˆˆ:
.s=2;s=2/ ; if 0 <
ˇˇˇ
f
00
.a/
ˇˇˇ
;
ˇˇˇ
f
00
.b/
ˇˇˇ
 1;
.1  s=2;1  s=2/ ; if 1
ˇˇˇ
f
00
.a/
ˇˇˇ
;
ˇˇˇ
f
00
.b/
ˇˇˇ
;
.s=2;1  s=2/ ; if 0 <
ˇˇˇ
f
00
.a/
ˇˇˇ
 1
ˇˇˇ
f
00
.b/
ˇˇˇ
;
.1  s=2;s=2/ if 0 <
ˇˇˇ
f
00
.b/
ˇˇˇ
 1
ˇˇˇ
f
00
.a/
ˇˇˇ
:
Corollary 5. If q D 1 in Corollary 4, we haveˇˇˇˇ
ˇf .a/Cf .b/2   1b a
Z b
a
f .x/dx
ˇˇˇˇ
ˇ
 .b a/
2
16
ˇˇˇ
f
00
.a/
ˇˇˇı ˇˇˇ
f
00
.b/
ˇˇˇ ˚
ŒF1 .;2/C

F1
 
 1;2
	
; (2.20)
where F1 .;2/,  and .ı;/ are defined as in Corollary 4.
Theorem 5. Let f W I  Œ0;1/! .0;1/ be a function such that f .n/ exists on
I ı and f .n/ 2 L.Œa;b/ for some n 2 N, where a, b 2 I ı with a < b. If
ˇˇˇ
f .n/
ˇˇˇq
is s-logarithmically convex on Œa;b for some s 2 .0;1 and q 2 .1;1/, we have the
inequality
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ˇf .a/Cf .b/2   1b a
Z b
a
f .x/dx
 
n 1X
kD1
k
h
1C . 1/k
i
.b a/k
2kC1 .kC1/Š f
.k/

aCb
2
ˇˇˇˇˇˇ

.b a/n
h
n.2q 1/=.q 1/  .n 1/.2q 1/=.q 1/
i1 1=q
2nC1nŠ

q 1
2q 1
1 1=q

ˇˇˇ
f .n/ .a/
ˇˇˇı ˇˇˇ
f .n/ .b/
ˇˇˇ 
ŒF2 .;n/
1
q C F2   1;n 1q ; (2.21)
where
F2 .;n/D
( P1
kD1
.ln/k 1
.nq qC1/k <1;  ¤ 1;
1
nq qC1 ;  D 1;
.nq qC1/k D .nq qC1/.nq qC2/ ::: .nq qCk/ ;
 and .ı;/ are defined as in Theorem 4.
Proof. Using Lemma 1, the Ho¨lder inequality and the s-logarithmically convexity
of
ˇˇˇ
f .n/
ˇˇˇq
on Œa;b, we haveˇˇˇˇ
ˇf .a/Cf .b/2   1b a
Z b
a
f .x/dx
 
n 1X
kD1
k
h
1C . 1/k
i
.b a/k
2kC1 .kC1/Š f
.k/

aCb
2
ˇˇˇˇˇˇ .b a/n2nC1nŠ
Z 1
0
.n 1C t / qq 1 dt
1  1
q

8<:
 Z 1
0
.1  t /q.n 1/
"ˇˇˇ
f .n/ .a/
ˇˇˇq. 1 t2 /s ˇˇˇ
f .n/ .b/
ˇˇˇq 1Ct
2
s#
dt
!1=q
C
 Z 1
0
.1  t /q.n 1/
"ˇˇˇ
f .n/ .b/
ˇˇˇq. 1 t2 /s ˇˇˇ
f .n/ .a/
ˇˇˇq 1Ct
2
s#
dt
!1=q9=; : (2.22)
The proof follows by using similar arguments as in proving Theorem 4 and using
Lemma 4. 
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Corollary 6. Under the assumptions of Theorem 5, if nD 1, we have the inequalityˇˇˇˇ
ˇf .a/Cf .b/2   1b a
Z b
a
f .x/dx
ˇˇˇˇ
ˇ
 .b a/
4

q 1
2q 1
1 1=q ˇˇˇ
f
0
.a/
ˇˇˇı ˇˇˇ
f
0
.b/
ˇˇˇ 
ŒF2 .;1/
1
q C F2   1;1 1q ;
(2.23)
where
F2 .;1/D
( P1
kD1
.ln/k 1
kŠ
<1;  ¤ 1;
1;  D 1; ; D
ˇˇˇˇ
ˇf
0
.b/
f
0
.a/
ˇˇˇˇ
ˇ
sq=2
and .ı;/ is defined as in Corollary 2.
Corollary 7. Under the assumptions of Theorem 5, if nD 2, we have the inequalityˇˇˇˇ
ˇf .a/Cf .b/2   1b a
Z b
a
f .x/dx
ˇˇˇˇ
ˇ

.b a/2
h
2.2q 1/=.q 1/ 1
i1 1=q
16

q 1
2q 1
1 1=q

ˇˇˇ
f
00
.a/
ˇˇˇı ˇˇˇ
f
00
.b/
ˇˇˇ 
ŒF2 .;2/
1
q C F2   1;2 1q ; (2.24)
where
F2 .;2/D
( P1
kD1
.ln/k 1
.qC1/k <1;  ¤ 1;
1
qC1 ;  D 1;
.qC1/k D .qC1/.qC2/ ::: .qCk/ , D
ˇˇˇˇ
ˇf
00
.b/
f
00
.a/
ˇˇˇˇ
ˇ
sq=2
and .ı;/ are defined as in Corollary 4.
Theorem 6. Let f W I  R! R be a function such that f .n/ exists on I ı and
f .n/ 2 L.Œa;b/ for some n 2 N, where a, b 2 I ı with a < b. If
ˇˇˇ
f .n/
ˇˇˇq
is s-
logarithmically convex on Œa;b for q 2 .1;1/, we have the inequalityˇˇˇˇ
ˇˇf .a/Cf .b/2  
n 1X
kD1
k
h
1C . 1/k
i
.b a/k
2kC1 .kC1/Š f
.k/

aCb
2

  1
b a
Z b
a
f .x/dx
ˇˇˇˇ
ˇ nnC1 
1
q .b a/n
2nC1nŠ

B

1
n
I nq 1
q 1 ;
2q 1
q 1
1  1
q
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
ˇˇˇ
f .n/ .a/
ˇˇˇı ˇˇˇ
f .n/ .b/
ˇˇˇ 
ŒF3 ./
1
q C F3   1 1q ; (2.25)
where
F3 ./D

 1
ln ;  ¤ 1;
1;  D 1; ;D
ˇˇˇˇ
ˇf .n/.b/f .n/.a/
ˇˇˇˇ
ˇ
sq=2
;
B .´I˛;ˇ/D
Z ´
0
t˛ 1 .1  t /1 ˇ dt;0 ´ 1;˛ > 0;ˇ > 0
is the incomplete Beta function and .ı;/ are defined as in Theorem 4.
Proof. Using Lemma 1, the Ho¨lder inequality and the s-logarithmically convexity
of
ˇˇˇ
f .n/
ˇˇˇq
on Œa;b, we haveˇˇˇˇ
ˇf .a/Cf .b/2   1b a
Z b
a
f .x/dx
 
n 1X
kD1
k
h
1C . 1/k
i
.b a/k
2kC1 .kC1/Š f
.k/

aCb
2
ˇˇˇˇˇˇ
 .b a/
n
2nC1nŠ
Z 1
0
.1  t /q.n 1/=.q 1/ .n 1C t /q=.q 1/dt
1 1=q

8<:
 Z 1
0
ˇˇˇ
f .n/ .a/
ˇˇˇq. 1 t2 /s ˇˇˇ
f .n/ .b/
ˇˇˇq 1Ct
2
s
dt
!1=q
C
 Z 1
0
ˇˇˇ
f .n/ .b/
ˇˇˇq. 1 t2 /s ˇˇˇ
f .n/ .a/
ˇˇˇq 1Ct
2
s
dt
!1=q9=; : (2.26)
By using (2.7) and the fact thatZ 1
0
.1  t /q.n 1/=.q 1/ .n 1C t /q=.q 1/dt
D nnqCq 1q 1
Z 1
n
0
t
.n 1/q
q 1 .1  t / qq 1 dt D nnqCq 1q 1 B

1
n
I nq 1
q 1 ;
2q 1
q 1

;
we get the required inequality (2.25) from (2.26). 
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Corollary 8. Suppose the assumptions of Theorem 6 are satisfied and if nD 1, we
have the inequalityˇˇˇˇ
ˇf .a/Cf .b/2   1b a
Z b
a
f .x/dx
ˇˇˇˇ
ˇ
 .b a/
4

q 1
2q 1
1 1=q ˇˇˇ
f
0
.a/
ˇˇˇı ˇˇˇ
f
0
.b/
ˇˇˇ 
ŒF3 ./
1
q C F3   1 1q ; (2.27)
where
F3 ./D

 1
ln ;  ¤ 1;
1;  D 1; ; D
ˇˇˇˇ
ˇf
0
.b/
f
0
.a/
ˇˇˇˇ
ˇ
sq=2
and .ı;/ are defined as in Corollary 2.
Corollary 9. Suppose the assumptions of Theorem 6 are satisfied and if nD 2, we
have the inequalityˇˇˇˇ
ˇf .a/Cf .b/2   1b a
Z b
a
f .x/dx
ˇˇˇˇ
ˇ .b a/221C1=q

B

1
2
I 2q 1
q 1 ;
2q 1
q 1
1  1
q

ˇˇˇ
f
00
.a/
ˇˇˇı ˇˇˇ
f
00
.b/
ˇˇˇ 
ŒF3 ./
1
q C F3   1 1q ; (2.28)
where
F3 ./D

 1
ln ;  ¤ 1;
1;  D 1; ID
ˇˇˇˇ
ˇf
00
.b/
f
00
.a/
ˇˇˇˇ
ˇ
sq=2
;
B .´I˛;ˇ/ is the incomplete Beta function as defined in Theorem 6 and .ı;/ are
defined as in Corollary 4.
Remark 1. We can get several interesting inequalities for log-convex functions by
setting sD 1 in the above results. However, the details are left to the interested reader.
3. APPLICATIONS TO SPECIAL MEANS
For positive numbers a > 0, b > 0, define
A.a;b/D aCb
2
, G .a;b/D
p
ab, H .a;b/D 2ab
aCb ;
I .a;b/D
8ˆ<ˆ
:
1
e

bb
aa
1=.b a/
; a¤ b;
a; aD b
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and
Lp .a;b/D
8ˆˆˆˆ
ˆˆˆˆˆ<ˆ
ˆˆˆˆˆˆˆ
:ˆ
h
bpC1 apC1
.pC1/.b a/
i1=p
; p ¤ 0; 1 and a¤ b;
b a
lnb lna ; p D 1 and a¤ b;
I .a;b/ ; p D 0 and a¤ b;
a; aD b:
It is well known that A, G, H , LD L 1, I D L0 and Lp are called the arithmetic,
geometric, harmonic, logarithmic, exponential and generalized logarithmic means of
positive numbers a and b.
In what follows we will use the above means and the established results of the
previous section to obtain some interesting inequalities involving means.
Theorem 7. Let 0 < a < b  1, r < 0, r ¤ 1; s 2 .0;1 and q  1.
(1) If r ¤ 2, thenˇˇˇ
A
 
arC1;brC1
  ŒLrC1 .a;b/rC1 ˇˇˇ
 .b a/

1
2
3  1
q
jrC1jG  ar ;br2

8ˆ<ˆ
:a rs
242

1 b rqs=2L

arqs=2;brqs=2

rqs .lnb  lna/
351=q
Cb rs
242

a rqs=2L

arqs=2;brqs=2

 1

rqs .lnb  lna/
351=q
9>=>; :
(2) If r D 2, thenˇˇˇˇ
1
H .a;b/
  1
L.a;b/
ˇˇˇˇ
 .b a/

1
2
3  1
q 
G
 
a 2;b 2
2

(
a2s

1 bqsL.a qs;b qs/
qs .lna  lnb/
1=q
Cb2s

aqsL.a qs;b qs/ 1
qs .lna  lnb/
1=q)
:
Proof. Let f .x/D xrC1
rC1 for 0 < x  1. Then jf 0 .x/j D xr and
ln
ˇˇ
f 0 .xC .1 /y/ˇˇq  s ln ˇˇf 0 .x/ˇˇqC .1 /s ˇˇf 0 .y/ˇˇq
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for x, y 2 .0;1,  2 Œ0;1, s 2 .0;1 and q  1. This shows that jf 0 .x/jq D xrq is
s-logarthmically convex function on .0;1. Sincejf 0 .a/j> jf 0 .b/j D br  1, hence
D
ˇˇˇˇ
f 0.a/
f 0.b/
ˇˇˇˇsq=2
D

b
a
rqs=2
,  1 D
a
b
rqs=2
and ˇˇˇ
f
0
.a/f
0
.b/
ˇˇˇ.1 s=2/
ŒF1 .;1/
1
q C F1   1;1 1q
D G  ar ;br2
8ˆ<ˆ
:a rs
242

1 b rqs=2L

arqs=2;brqs=2

rqs .lnb  lna/
351=q
Cb rs
242

a rqs=2L

arqs=2;brqs=2

 1

rqs .lnb  lna/
351=q
9>=>; :
Substituting the above quantities in Corollary 2, we get the required inequality. 
Remark 2. Many interesting inequalities of means of positive real numbers can
be obtained by using the other results, however, the details are left to the interested
reader.
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